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Abstract 


Applying the recently obtained results on the renormalization of soft supersymmetry-breaking 
parameters, we investigate the infrared behaviour of the softly broken supersymmetric QCD 
as well as its dual theory in the conformal window. Under general assumptions on (5- 
functions, it is shown that the soft supersymmetry-breaking parameters asymptotically van¬ 
ish in the infrared limit so that superconformal symmetry in softly broken supersymmetric 
QCD and in its dual theory revives at the infrared hxed point, provided the soft scalar masses 
satisfy certain renormalization group invariant relations. If these relations are not satisfied, 
there exist marginal operators in both theories that lead to the breaking of supersymmetry 
and also colour symmetry. 
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Hunting renormalization group (RG) invariant relations among independent parameters 
in a given phenomenological model, especially supersymmetric one, has proved in recent 
years to be successful in predicting, free otherwise, parameters of the model [0]-[0. These 
are ranging from the top quark mass, the spectrum of the superpartners to the lightest Higgs 
mass in = 1 supersymmetric hnite and non-hnite Gauge-Yukawa unihed models 
The basic idea is based on the principle of coupling reduction proposed in ref. p. Most of 
the practical applications of the principle, however, have been restricted to lower orders in 
perturbation theory, because the /3-functions are mostly known only in lower orders. Parallel 
to this development, interesting progresses has been made on the renormalization properties 
of the soft supersymmetry-breaking (SSB) parameters P]-0. In ref. 0 the spurion formal¬ 
ism in a softly-broken supersymmetric gauge theory has been used to derive a certain set 
of rules to relate the SSB parameters with those of the corresponding supersymmetric the¬ 
ory. Later it has been shown p, Q that these rules can be realized by differential operators 
acting on the anomalous dimensions 7 * and the gauge coupling /3-function /3g. As a result, 
the /3-functions of the SSB parameters can be obtained from 7 * and f3g. A consequence is 
that it has become possible to obtain a closed form for RG invariant relations among the 
SSB parameters 0 - 0 . Another consequence is that the asymptotic behaviour of the SSB 
parameters in the ultraviolet (UV) as well as in infrared (IR) limit can be studied by using 
7 i and [3g only. If 7 * and f3g are exact, the results on the SSB parameters derived from them 
are exact, too. 

The purpose of the present paper is to examine on the light of the above mentioned new 
development the asymptotic behaviour of softly broken supersymmetric QGD (SQGD) and 
its dual theory in the IR limit, especially in the regime for which according to Seiberg’s 
conjecture 0 there would exist a non-trivial IR hxed point if supersymmetry was exact. 
The existence of a stable IR hxed point in the space of the dimensionless couplings (gauge 
and Yukawa couplings) of a supersymmetric Yang-Mills theory implies that the /3-functions 
and their derivatives of these couplings should have certain properties in the IR limit. We 
will use these properties to derive the asymptotic behaviour of the SSB parameters, and will 
be assuming that the above mentioned perturbative technique to obtain their RG functions 
is applicable to the problem we are concerned with. Moreover, we assume that the kinetic 
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term in the dual theory takes the canonical form. We will find that supersymmetry in SQCD 
and also in its dual theory restores itself at the IR fixed point, provided the soft scalar masses 
satisfy the RG invariant relations given by (|30|) for SQCD, and (PD and (^61) for its dual 
theory, respectively. If these relations are not satisfied, there exist marginal operators which 
will break supersymmetry and local colour symmetry in the IR limit. 


There exists a rather extensive literature [15|-[18| on duality of softly broken N = 1 


SQCD. Our work is related to those of refs. |I^, in which the asymptotic behaviour of 
the SSB parameters has been also considered. But their results are obtained mainly in the 
free magnetic theory. At the end of our paper we will briefly comment on the relation to 
their result. 

Following the notation of ref. o, we start with a generic discussion and consider an 
= 1 supersymmetric gauge theory with the superpontential 




( 1 ) 


and introduce the SSB part Lssb 

L(<F, W) = -(^ J + ]^MW%Wao) + h.c. 


( 2 ) 


where rj = 6“^, fj = 6'^ are the external spurion superfields and 9, 6 are the usual grasmannian 
parameters, and M is the gaugino mass. The /3-functions of the M, h and m? parameters 
can be computed from [^, 


Am = 20 
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(3) 


/3f 


(An 


= - 27{W*'^ - 27^W*^'' , (4) 

A + xA I'i . (5) 


dg 


O = [Mg^ 


d 

W 


h‘ 


Imn 


d 


dYlr. 


A = 200* + 2|M| V—+ 41. 


- Imn ■ 


+ R 


Imn 
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( 6 ) 

(7) 


Qg2 ■ ^"'^'^dYi^n ' * dY^^^ ’ 

where (7i)*j = OYj, Yimn = and = {wAYiY^^^ + {wAyiY'^^^ + {wAYiY'^^K 

Note that X in eq. is explicitly known only in the lowest order [|T^. However, there 
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exists an indirect method (which is based on a RG invariance argnment) to £x the exact 


form of X 1^, 1^, as we will see below. We do not consider the B parameters in the 

following discnssions, becanse they do not enter into the /3-fnnctions of the other qnantities 
and moreover they are absent in SQCD as well as in its dnal theory. 

Jack et al. o, generalizing the idea of Kazakov |]^ who has treated a hnite theory, 
have fonnd [| that if 


^ = -Ad¬ 


ding ’ 


= |Mr{(l + X(^))(^//3,)(7,(^)) + -[(^//3,)7,(^)]'} 


( 8 ) 

(9) 


are satished, then the differential operators O and A ((||) and (0), respectively) can be 
written as 


AI d . d 1 d 

^ ^ I f 2d(ln^)2 + ^ + ^^^^dl^ 


where 


gXig) = 


|M| 


,X{g, Y{g), Y*{g),h{Ad, g), h*(M, g),m\\Ad\^, g)) 


( 10 ) 


( 11 ) 


It has been fnrther shown in ref. m that the nnknown term X ( 0 ) has to have the form 


.Y = - 1 


( 12 ) 


in order that the expression (P) is RG invariant. Therefore, eq.(P) becomes |TI 


ml = ^\M\-^(g/P,)Ma)Y 


(13) 


In ref |^, with the nse of the Novikov-Shifman-Vainstein-Zakharov (NSVZ) /3-fnnction 
for the gange conpling ^ 

^EiT{Ri)il-2^i)-3CiGy 




NSVZ 


9 
lOvr^ 


1 - g^C{G)/%TY^ 


(14) 


^Under the assumption that Gi = liYi , (rn?y i = and {d/{d/dY*^^y on the 

space of the RG functions. 

^The factor 2 of y; should be compare with 1/2 which appears for in ref. , where a typographical 

error has been made. There is an indication of the presence of a correction term to in higher order 
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we have shown that the sum rule Q 
ml + m^j+ml = \M\^{ 

+E 


d In 1 d"^ In , 

+ - ... } 


1 — g‘^C{G)/{87r‘^) ding 2 ^(In^f)^ 


( 15 ) 


I C(G) — Stt'^/ g'^ ding 

is RG invariant Q, if the X (0 on the subspace dehned by F = F (g) and eq. (H) takes the 
form [p!^ 

-\M\^GiG) + EimfTiRi) 


X = 


(16) 


G{G) - 87rV^2 

Eq. ([I6[) is consistent with ([I^) and the explicit calculations |^, of course. It has been 


shown later that the restriction of the constrained subspace can be removed. For SQCD 
(without Yukawa couplings), the in the NSVZ scheme becomes W1 

1 d 


NSVZ 

2 


Pm2 


\Mn 


E 


1 

+ X- 


d^ 


1- g'^G{G)/{8Tr^)dlng 2d{lngy 
m‘fT{Ri) d 


} 


7 . 


NSVZ 


(17) 


I G{G) — 87r‘^/g'^ ding 
Before we shall come to discuss the IR behaviour of softly broken SQCD and its dual 
theory, we would like to briefly recall the dynamics of SQCD and also Seiberg’s conjectures 
]T^ . SQCD is based on the gauge group SU{Nc), which contains a gauge superheld Wa and 


quark supermultiplets in the {Nc + N^) representations of SU{Nc). Let us call the quark 
superhelds Q”, where i = 1, ...Nf is a flavour index and a = 1,..., Xc is a colour index. 
When these superhelds are massless, the theory exhibits the following global symmetry 
holding at the quantum level SU{Nf)L x SU{Nf)ii x U{1)b x U{1)r, where SU{Nf)L acts 
on the Q\ SU{Nf)R acts on the Q^, the U{1)b denotes the baryon number, and the U{1)b 
denotes the anomaly free R-symmetry. The superhelds transform under the full symmetry 
group of the theory G = SU{Nc) x [ SU{Nf)L x SU{Nf)B x U{1)b x f/(l)R ] as follows 
Q : (W; Nf, 1; 1/X„ {Nf - N,)/Nf) , Q : (X,; 1, Nf, -1/X„ {Nf - N,)/Nf), 
1F„:(X,^-1;1,1;0,1). _ 

^The lower-order sum rules for the soft scalar masses have been obtained in various theoretical analyses, 

including those in superstring models. See |22 .11- 

"‘Eqs. (^) and ( p^ ensure finiteness of the SSB sector in finite theories In ref. duality in finite 

theories has been discussed. 
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According to Seiberg’s conjecture |T^, SQCD for Nf > Nc + 1 is dual to, i.e. can be 
described in the IR limit by, a supersymmetric gauge theory based on the group SU{Nc) 
with Nc = Nf — Nc, which couples to the elementary chiral superfields g*, q^, i = 1, ■■■Nf, as 
well as to an elementary gauge-singlet superheld T/. The meson superheld T couples to q, 
q via the superpotential 


W = YqTq , 


(18) 


where R is a Yukawa coupling. Without the superpotential the theory would have an addi¬ 
tional global U{1) symmetry acting on T. One can explicitly check that the superpotential 
preserves the anomaly free i?-symmetry. Therefore, the newly constructed theory has the 


same global symmetry as the original SQCD. Seiberg |T^ refers to the relation between this 
theory and the original as non-Abelian electric-magnetic duality. 

Seiberg |]T^ has further conjectured on the existence of an IR hxed point in the /3-function 


of SQCD. To recall his proposal, consider the NSVZ /3-function (|T4D for SQCD; 

3Nc-Nf + 2Nfj{g‘^) 


Pig) = 


, 7i9^) = 


„2 j\j2 — 

® ' + 0(9*) 


(19) 


IbTT^ 1 — iVcg^/Svr^ ’ 167r^ W 

There is a non-trivial zero of the /3-function for Nf = (3 — e)Nc, Nf,Nc >> 1. At order e, 
the hxed point gl is given by 


Ncg! = 




( 20 ) 


In fact it was argued in that such a hxed point exists in the range |Yc < Nf < 3Nc 
^ In SQCD the key observation is that the superconformal theory at the hxed point has a 
dual (magnetic) description in terms of a diherent gauge theory based on SU{Nf — Nc). 

Now we come to our main result. As we will see, the RG invariant relations (P) and 
( 0 ) are IR attractive, and they play a crucial role in investigating the behaviour of the SSB 


parameters near an IR hxed point. The sum rule (|T^ will be used in the dual theory to 
derive from the behaviour of the soft scalar masses near the hxed point (which is obtained 
by linearizing the problem) a condition which should be satished away from the hxed point 
^Such a behaviour was already conjectured to hold in ordinary QCD in (see also [^). For a recent 
discussion on the status of this speculation, see M and for recent findings in lattice studies, see e.g. [E^. 
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in order to restore supersymmetry at the fixed point. A number of numerical analyses on the 
IR stability of the SSB parameters using lower order /3-functions have been made previously 
Their results are suggestive for our problem. But we would like to emphasize that 
we will discuss the IR stability of the RG invariant relations (^) and (|T3|) in the conformal 
window for which an IR stable fixed point in the space of the gauge coupling for SQCD, and 
in the space of the gauge and Yukawa couplings for the dual theory is supposed to exist. 
Our analysis does not relay on the explicit form of the /3-functions for the SSB parameters. 

To begin with, using the formulae and the RG invariant solutions (|) and (^), we 

show that there always exists at least a trajectory in the space of the SSB parameters that 
approaches the origin if the gauge and Yukawa couplings approach a non-trivial fixed point. 
To this end, we note that if eq. is satisfied, then the differential operator O becomes a 
total derivative operator as we see from eq. Then eq. (§) becomes nothing but the 

Hisano-Shifman relation 


M = M,{l3glg) , (21) 

where Mq is a RG invariant quantity. Since /3g —> 0 as —>• 7 ^ 0 by assumption, we 
find that M —>• 0 as Similarly, eq. (||) implies that = —Mo(/ 3 g/( 7 )(Y*Aj' g. 

Finally, from eq. (^) we see that mf = (l/ 2 )|Mop(/ 3 g/ 5 f)( 7 j)' Q as g ^ g^,. In what 
follows, we will investigate carefully whether the origin of the SSB parameters is a stable IR 
fixed point. 

First we consider softly broken SQGD and examine the IR behaviour of the gaugino mass 
M and soft scalar squared masses rriQ, m^. Since there is no Yukawa coupling in SQGD, 
the differential operator (|^) becomes a total derivative operator, and we have 

/3m = Mgj-{f3g/g) = M{(3,/gy . (22) 

The conjecture that is a stable IR fixed point for SQGD implies that 

Fm = ^U>0, (23) 

dg 

where |* means an evaluation at the fixed point. We may assume that 

\(3g\ and < cx) (24) 
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for the range of g we are considering. Eq. implies the Hisano-Shifman relation and 
so if Mo in the r.h. side of ( pT[) is a non-vanishing constant, then the gangino mass M has to 
vanish at the hxed point, as we have seen above. Moreover, one sees from eqs. and (|^) 
that the hxed point M* = 0 is a stable one, becanse M ~ —>-0 as t —>■ —oo, where in 

the lowest order approximation in the e expansion we have Tat — e^/3. 

To discnss the IR behavionr of on the same level as M, we have to go the NSVZ 

scheme, and nse the /d-fnnction ([T7|). First we wonld like to show that the RG invariant 
relation ([T3| ) is IR attractive. To this end, we note that for the given in eq. the 

conditions (l23|) and (p4|) are satished if 


n =—(tq + T^)!. = < 0 and - SjtVs^ < 0 


(25) 


are satished, where we have nsed 7 q = Tq. Then we consider the behavionr of rriq and mT 
near the RG invariant relation (|^, 


m. 


^(0)Q,Q + ’ ''^(0)Q,Q 




,,NSVZ5/ 


Q,Q (.UjV.y ■ ' (U)Q,Q 2' 

Linearizing the evolntion eqnation near the RG invariant relation ([T^) , we hnd that 

9*NfT^ 


+ 5m|) . ^ 


where T.^ is dehned in eq. 


. Since r ^2 is positive (see eq. (p^), we hnd 

Q 


6mQ — 5m^ = const. , Suiq -|- 5m^ ~ e —>• 0 as t —>• —oo 


r 2 1 




"Q 


Q 


(26) 


(27) 


(28) 


(In the lowest order approximation in the e expansion we have T^^ = e^/3.) Therefore, if 
the diherence Suiq — is non-zero at some point, then we obtain 


Sml = 




(29) 


in the IR limit. Since, however, (dehned in ([26|)) vanish at the hxed point, we see 

that 


m% = 7n| 


(30) 


should be satished in order not to break the colour symmetry in the IR limit. Then from 
eq. (PH) we may conclude that 

► 0 as t —>• —oo . (31) 




% 










To conclude, we have shown that super conformal symmetry revives at the IR fixed point if 
rriQ = Otherwise, the SU{Nc) gauge symmetry and supersymmetry is broken. 

The basic idea for treating the IR behaviour of the SSB parameters of the dual theory 
is the same as the case of SQCD, where we assume that the kinetic term in the dual theory 
takes the canonical form. A slight difference is that in this case there is a Yukawa coupling 
Y in the theory, and hence a trilinear coupling h in the softly broken case 0. 

Following Seiberg, we assume that there exists an IR hxed point in the space of g and Y 
(the gauge coupling for the dual theory is denoted by g, and the gaugino mass by M). The 
non-triviality of the fixed point of fiy implies 


(7« + -> + 7t)|. = 0. 


(32) 


Further, the stability of the IR fixed point requires, among other things, that 

d(5g 


V - — 

M — 


dg 


> 0 


(33) 


We in addition assume that [| 


dd d d 

" ■5(7l*=a7lr(7a + 7^ + 7T)]|. = y.^(7a + 7^ + 7T)|.>0 


(34) 


As in the case of SQCD, we assume that f3g, fdy together with their derivatives with respect 
to g and Y in the space of g and Y we are interested in exist. For the NSVZ scheme, eq. 
(l3^) means that 

d 


dg 


(7g + 7g)|* < 0, 


(35) 


where as in the case of SQCD Nc — /g"^ < 0 is assumed. 

Now we consider the RG invariant relation (§) and show that it is IR attractive. Defining 

dY 


h = ho + Sh , ho = -MY' = -Mg 


dg 


(36) 


®The Yukawa coupling Y is presumably related to the gauge coupling g, because in SQCD there is no 
such freedom. In this connection, the reduction of Y in favour of g has been suggested for the dual theory 
in ref. . 

^This is satisfied in the e expansion. 
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and linearizing the evolution equations, we find 

^ ^ ~ (l + 2y^)[7g + 7^ + 7T] . (37) 

So near the fixed point, 6h behaves like 6h ~ —*-0 as t —*• —oo, where F/i is defined 

in eq. (|H^ ) and is a positive number. Consequently, the gaugino mass behaves like M ~ 
g g^g -j- ^ —oo, where Ci and C 2 are integration constants, and T ^(> 0) 
are defined in eq. Therefore, we find that M* = h* = 0 is a stable fixed point. In 

the lowest order approximation in the e expansion we have T^ = e^/3 and Th = e/3, where 
6 = 3- Nf/N,. 

Next we consider m?qqT- Since near the IR fixed point the RG invariant relation (P) (or 
ho given in eq. (^)) is attractive, we may use h = ho in the linearization procedure. We 
then go to the NSVZ scheme, consider a deviation from the RG invariant relation (|I^), and 
define 


mi = + Smi , ^ , 


(38) 


where i = q,q, T. We find 

^Sml ~ ~ -r^z (Sml + , -^dmi ~ -r^2 (Sml + 

q q 2 ^ ' dt ^ 2 ^ q q> 


(39) 


where 


TrnZ = 


9*NfT 


79 


r 2 = 

? mi. — 




. = (<i7,T7<is)|. , 


(40) 


iV, - 8jrVg2 “T _ 8„2/g2 

and we have used 7 ^®^^ = As one can easily find, there are two zero eigenvalues and 

one positive one (= T^^) in the linearized problem (|3^ . One of the two zero eigenvalues 
corresponds to the solution that the difference — Sm^ is constant independent of t. So, 
as in the case of SQCD, we see that the dual colour symmetry is broken unless 


ml = m| (41) 

is satisfied. The other zero eigenvalue expresses the fact that may contain a piece which 
is constant independent of t in the IR limit. The presence of the constant part breaks 
supersymmetry at the IR fixed point. If the relation (^) in the softly broken SQCD is 
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satisfied (so that supersymmetry is recovered at the IR fixed point), we have to demand the 
dual theory, too, to be supersymmetric at the IR fixed point. Therefore, we have the unique 
solution to (|3^ which preserve supersymmetry at the hxed point: 

0 as t > —cx) with 


deltaml = 5m^ , 5m^ ~ e 


q 


drriq 

5rri^ 


r 2 
r 2 


Iq 




(42) 


where T’s are defined in eq. (^Ol), and T^a > 0 because T..^^ < 0 if = 7 ^ (see eq. (|3^) ). In 
the lowest order approximation in the e expansion we have T^z = e/3. 

The ratio being constant independent of t suggests the existence of a RG 

invariant relation. In fact (^2|) is the consequence of the RG invariant sum rule (|^. To see 
this, we insert {i = q, q, T) (|38D with = m| into the sum rule (|T^, and hnd that the 
sum rule reduces to 


+ 5m% = 


[(~//3.svz)(2^^Vnsvz^^nsvZ)] ^ _ 


(43) 


C{G) - 87rV^2 

In the IR limit, the quantity in [ ] on the r.h. side contains an expression 0/0. To obtain 

the correct limit, we compute 


(d/dg)(2Nnf''^ + 7 ? 

(d/dgm^^rg) 


NSVZ) 


(44) 


at the hxed point. We hnd that the expression 


{C{G) - STT^/r) ( 2 + -^ ) 


at the hxed point can be written as 
T 


T 


(45) 


79 


implying that the sum rule (|43|) exactly becomes (|4^). Therefore, the soft scalar masses 
away from the IR hxed point have to satisfy the sum rule 

1 


mg + m^ + m^ = \M\{ 


d\nY 1 d^lnY , 


1 - g^G{G)/{8TT^) d\ng 2d{\ngy 
{Nf/2){ml + m^) ^d\nY 


-i-TT-r) 


(46) 


G{G)-87iyg‘^ "ding 

and also (^T]) so that all the soft scalar masses asymptotically vanish in the IR limit. As a 
result, superconformal symmetry in the dual theory, too, revives at the IR hxed point. If 
eq. (|30|) for SQGD, and eqs. (^I]) and (|46|) for the dual theory are not satished, there will 
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be marginal operators that break supersymmetry as well as the local gauge symmetries in 
the IR limit. 


As we have mentioned at the beginning, our work is related to those of refs. |^. In 
ref. [^, 1^, the relations of the SSB parameters in the electric and magnetic sides outside of 


the conformal window have been derived. Interestingly, it was found that the magnetic 
soft scalar masses vanish at the boundary between the free magnetic and conformal window, 
which is consistent with our hnding. Note that the sum rule (^6]) at the lowest order in 
g becomes = |Mp. It is interesting to compare this with the sum rule 

rUg + = 0 obtained outside of the conformal window in ref. [lA, |T^, from which it 

has been concluded that the vacuum structure with the soft scalar masses differs from that 
without them. This should be contrasted to our result that in the conformal window the 


vacuum structure remains the same as long as the relations (|^) , and (^) are satished, 
supporting the duality hypothesis in the presence of the SSB terms in the conformal window. 


We would like to thank D. Liist and R. Oehme for useful discussions. 
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